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ON THE SOLVABILITY OF THE NONLINEAR PROBLEM 2
FOR ELLIPTIC-PARABOLIC SYSTEM OF THE EQUATIONS IN HOLDER
SPACES

There is proved the existence and the uniqueness of the solution of the nonlinear H.Amann problem for the
parabolic-elliptic equations for the small time in the Holder spaces, the estimates for the solution are derived,
the smoothness on ¢t of the potential ¢ is obtained.

1. The statement of the problem.

Let Q2 € R" be bounded domain, S = 0Q, Qr = Qx(0,7T), S = Sx[0,T]. Let u(z,t) =
(u1,-..,un), m(z,t,u) = (M,...,my), flx,t,u,0.u) = (f1,..., fn), 9(z, t,u, ) = (g1,...,
gn) be vector -functions; u” = colon(uy,...,uyx)- column-vector; z = (z,...,2y) €
RN, 22 =22+ ...+ 2% # 0; di, e,k = 1,...— positive constants; o € (0,1); ab? :=
(a1y---yan) (b, .- 08)T = N a, by, aTb = {a, bshi<rs<n; E-identity N x N matrix;
A(x,t,u) = {@rs }1<rs<n—the matrix with coefficients satisfying the conditions

N
Z ars (T, t, u)ErEs > o€, pg = agy, 1,8 =1,..., N, g = const > 0. (1)

rs=1

We consider the problem with unknown functions u(z,t) and ¢(z,t)

o™ — Az, t,u) AuT — mT (x,t,u)Ap = ¥ (z, t, u, pu) in Qp, (2)
2ul = zyu1 + ... + zyuy = 0 in Qp, (3)

urit:ﬂ zuﬁr(x): T 13"-1Na in Q? (4)

Az, t,w)0u” +m” (z,t,u) 8, = g7 (x,t,u, p) on Sr, (5)

where v is the outer normal to S. There is assumed that N > 2, otherwise if N = 1 we
obtain from the equation (3) u; = 0 and the problem (2)—(5) is reduced to the elliptic
problem with unknown function (z,¢). In this problem there are N + 1 unknown functions
and N boundary conditions (5), but by virtue of the condition z? # 0 one of the unknown
functions u,, ..., uy is found from the equation (3).

This problem was set up by H.Amann [1]|. It describes the process of the change of
concentrations uy,...,uy of each of N substances with charges zi,...,zy in the solute
under the action of the electric field with potential ¢. H.Amann and M.Renardy [2] proved
the existence and uniqueness of the solution to the problem u, € C(Q x [0,t7)) N C'0(Q x
(0,t1)NC>1 Q% (0,tF)),r =1,...,N,p € C*0(Qx(0,t)). S.I.Pokhozhaev has studied the
problem for the elliptic equations in Sobolev spaces [3]. We note also that H.Amann problem
is not embedded into the general theory of the boundary value problems for parabolic and
elliptic equations.

In the present paper the problem (2)—(5) is studied in the Holder spaces C':;I?(QT) for
t < T, [4], the smoothness of potential ¢ with respect to ¢ is determined.

At first, we find the function ¢(z,0) := ¢o(z). For that we multiply from the left both
parts of the equation (2) and boundary condition (5) by the vector z, in the equation we
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On the solvability of the nonlinear problem for elliptic-parabolic system of the equations in Hélder spaces

take into account the identity z9,u” = 0, which follows from the equation (3), and put ¢ = 0
in the obtained equation and boundary condition, then we derive the elliptic problem for the
function yq(x)

Ao = folz) in €, (6)
Oupo — Go(2, o) = po(z) on S, (7)
here i
fi= _H,O(:r:) (zA(:;:r, 0, uo(z))Au (z) + zf7 (z,0, ug(z), aa;’lbg(;l?)),
po(z) = —— ! zA(z,0,uy(z))0,ul (x), Gy = _ - zg¥ (z, 0, up(z), wo(z)),
Ko(z) Ko()

ko(z) = 2zmT (z,0,u(z)) # 0 in Q.
LEMMA 1.Let S € C?™,a € (0,1), Gy(z,q) € C3(R; CH*2(S)). We assume
kol > dy Vo € Q, 9,Go(x,q) < —dy Vz €S, g€ R".

Then for every functions fo € C*(Q), po € C'**(S) the problem (6), (7) has unique solution
wo(z) € C**(Q) and the estimate for it is valid

[Galat® < (IR 4 ol

We denote
K= {= (o) [ dy < bl <o, [ € B r=1.... N},
K== {c”}1<r<f\ | leril < dsy ¢ € R}, K(z,t,1) = Z 2T 11,
S S ARG T BB S, I R U PR .

We shall consider the problem (2)-(5) under the following assumptions:

A) el b e ol D) <CB B GV 00 Bletd O e (Ko 50 Ky
e “”(QT)) gr(z, tll bg)E OYER % Rl TR0 e sl S M) e
Sr; lEKy, g€ RY, r5=1,:0.,N;

B) z=(z,..., I ERN, P =l d A A

C) |k(z,t,l)| > ds, |e(z,t,1,9)] = de ¥ (2,¢,]) € Qpr x Ky,q € R' and 6,97 #
c(z,t)m”, c— arbitrary scalar function.

We formulate the main result of the present paper.

TEOPEMA 1. Let S € C***, «a € (0,1), and the conditions A)-C) be fulfilled. Then for
arbitrary functions ug,(x) € C'2+°f( ), 7 =1,.... N, satisfying N compatibility conditions
there exists Ty € (0,7 such that
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1. the problem (2)-(5 ) has unique solution u, € C>7" 1+a’22(QTo), @01 := p(z,t) —pp(x) €

af2
Cf_-:-—a(?_}.To})}Q A‘Pl EC;-; t (QTo)a 991|S= U{fgl‘S €
a Cl a3

O (St,) and the estimate takes place

2
Z| ?‘l( +a) + |¢1I?a‘*} & |AV1|((1) + e |(1+0r) +10,¢ |(1+a} <

< CQ(Z |1£0?'(2+0 = |‘a‘90| 2+0))1 t S TO! (8)

where o = ¢(x,0) is the solution of the problem (6), (7).

2. The function v, satisfies the Holder condition with respect to t with inder o /2 Vx € Q.
For every compact set Q' C Q and V8 € (0,a) the derivatives 0,0, and 02,
satisfy the Holder condition with respect to t with inderes a/2 and (a — 3)/2 Vx € ¥
respectively and the estimate for them is fulfilled

(it + ]2 + Bl < 03(2 uor | E+2) + m;a*“’)’

Here by C2**(Q7) we mean the set of functions ¢(z,) with the norm [4]

2
olZad = 3 orelar + 3 [BmelS), -

|m|<2 |m|=2

REMARK 1. Theorem 1 is valid for the matric A = E —m” z/k wz’th rank equaied to N —1.
2. If 9, 9" = c(x,t)ymT, c— arbitrary scalar function, then @ = cz A"Y(E — m” z/x)mT
0, as k =zm?.

To reduce the problem (2)—(5) to the problem with zero initial data we construct
auxiliary functions V, € C2H*1 %/ ?(Rp) under the conditions [4] V; |i—o= fior(z), 8, V; |im0=
v
E 6'1"3(3:! 0, ﬁ'O(I)JA’&OS G ﬁl’r(xa 0} ﬁ’O)A\Z)O 3
s=1
fr(x,0,00(x), O,tg(x)), here R} = R" x (0,T), the symbol ~ means the continuation of the
function into the entire space R" with preserving of class. These functions obey the estimate

N
VI < ea( 3 luorl§™ + leal§*), r=1,..., N, )

In the problem (2)-(5) we make the substitution
U= (2, 8) + Vilz, 8), v=1,. o, N, plz, th=wils, t) + pol(z), (10)

and obtain the problem with unknown functions v = (v1,...,vn), ) satisfying zero initial
data 9f v, |=0=0, k = 0,1, ¢; |}—o= 0, in the form

c?w — Az, t, V) AvT —mT (2,8, V)Ap, =
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= pT(z.t) + PT(2,t,v,0,v, Av, Ap;) in Q,
27 = F(z,t) in Qr,
Az, t,V)o,0T + mT(2,t,V) B,01 — G (z, )1 =
= q"(z,t) + Q" (x,,v,8,v, ¢1,8,01) on Sr,

where V' = (V1,..,Vx),p= (1, -, o), P = (P1,.., Px), ¢ = (q1s s ),
Q = (er'"aQa’\') G=( QDJI(I t, 13990)‘5* """ VO{}‘;\,(:IT t 1}%’0)‘ )

N
br= "_afi ;' + Z U’T.‘;(x: t, "') A Ir‘; + m, (/L t ‘r] A Yo + f'f‘ (:I' L ! ‘7 6&"1'):

s=1

N
Po=) " (ars(@,t,0+ V) = aps(@,8,V)) A (v, + V) + ("’nr(m,y +¥ )~

s=1

—mq (2,1, 1")) Apr+ o) + fr(z, t, v+ V, 00+ 8:V) — fir(z,1,V,0;V);

Mz

Pld) ==

zrlr

=1,

g-(x,t) = g (2,2, V, o) — Z are(2,1, V) 8,Vy — mp (2,2, V) 8yp0| 3

g=1
%
Q,=— Z (ars(z, t, v+ V) — ars(z,1,V)) 8, (vs + V5) — (m?.(a:, t,bv+V)—

s=1

-my(z, 8,V )) (¢1+ @o) + gr(z, 6, v + Vo1 + 90) — gr(2, 8, V, 01 + 00) +

1
5 f Bl Vet 2 S = B s W ol
0

o a2 o 2+a, 1+cr,~’2

Here p,. F, g, are known functions, p, €C,, (Qr), F €C, Qr),q €
o I4+a,(1+a)/2
s (St), r=1,...,N and the estimate for them is valid
N N
2 2
D (el + laels, ™) + IFIGT™ < es(D_(luorlsy™ + Il ™
r=1 r=1

2. The linear problem.

(11)

(12)

(13)

(14)

We consider the linear problem with unknown functions w(x,t) = (v, ¢1) satisfying zero

initial data
o™ — A(z,t) AvT — mT (z,1)Ap; = pT (z,t) in Qr,

2T = zv; + ...+ zyvy = F(z,t) in O,
Az, )00 + mT (x,t) 8,0, — GTp, = ¢*(z,t) on Sy,
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where the matrix A satisfies the condition (1), 2 = (21,...,2x) € RN, 22 # 0; 7 =
colon(vy, . .., vy)—column-vector.

lta _
THEOREM 2. Let S € C**, o € (0,1). We assume that a,, m,, G, € C;:a’ 2 (Qp), ma=

o, crf2 o 24a, 1+af2
L,...,N; |k, || > d7 in Qr. Then for every functions p, €C, Qr); F €C, ,
o 14a, -i—
QT) q‘l" ecxf (ST) T_O 1,”"‘}\."’
o 24a,l4af2 _
1. the problem (15)-(17) has unique solution v, € C, (Qplsifo= L

N, € C2**(Qr), Agy € C24(Qr); ¢1ls, 8vns z CHAFO2(6y gnd

2
lwlly =Y [orlar® + |1 |26 <

N

< o Yo (lprlig) + 10157 + IFIGT) = coll Bl (18)
r=1

1201 + 1[5 + 18,01 |SF D < e[|l (19)

2. The function ¢, satisfies the Holder condition with respect on t with index /2 Vz € Q.
For any compact set ¥ € Q and V3 € (0,a) the derivatives 9,0, and 82, satisfy the
Holder conditions with respect on t with indezes a/2 and (a—8)/2 Vz € Q' respectively
and the estimate is fulfilled

2 2 (252)
il + el + 0201l < callibllle, ¢ < T. (20)

Proof. 1. We reduce the problem (15)-(17) to the equivalent one. We multiply from
the left both parts of the equation (15) by the vector 2z and boundary condition (17) by the
vectors z and 2z A™', take into account that 20,u” = 0, F, 20, u” = 8, F, then we obtain

A(,J] = —%(2.4;&?)?‘ == 3¢F + sz) in QTa (21)
A1 = l(z GT ¢ —240,uT + z¢¥) on Sy, (22)
K
zA'mT 0,01 —2A1GT o =24 ¢F — 8,F on Sr. (23)

We note, that the conditions (22), (23) are linear independent, because (22) is the linear
combination of the boundary conditions (17), and the condition (23) is found with the help
of the equation (16). Solving this equations we find

1m z mT

T 248,07 — 2A7Y(E -

(- 24" “\¢" +8,F) on Sr, (24)

8=

©r =
K

e é((frlcﬂ”z ~ GT2AYYq" + GT,F — A'GT2A8,07) on Sy, (25)
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where E — N x N identity matrix, x = zm’, & = 2 A (E — m” 2/k). Substituting the
expression Ayp; (21) into the equation (15), the derivative d,¢1|s (22) and then ¢ |s (24) into

the boundary condition (17) we obtain the problem for the function v(z,t) = (v....,vy)
Txt) 2 .
T (B- "0 4 pad =
O ( D ) A(z, t)Au
m’(z,t) T (e _
F(zx T e L O % _ 9
Wy OF@+ (B Tr) e i O (26)
2ol = F(:Ifg f) in QT, (2?)
(E ) Z) [E + CE etz M, )mT(‘T?t)z} Az, t)0,u’
o — | AlT O =
k(2. 1) 33( t) k(z, t) '
m (& )z, &
= o ey e R T . 3 2
(E ."ﬂ(.’b‘,t) )q (T.t) on ST, ( 8)
and the Neumann problem for the potential
il
Api(w,t) = —(=2AA0" +9,F — 2p") in Qr, (29)
l}-’«‘li.‘,:(] =0 1n Q, (30)
1
Ovpr = ;ﬂ—aéz((fi‘lGT,: ~G"247"g" + GTF, - A7'GT240,v") on Sr. (31)

We consider the problem (26)-(28). Here the matrix E — m”z/k is projector with rank
equaled to N — 1 and the system (28) consists of N — 1 conditions. It is seen that the matrix
A may be equaled to E — m”z/k.

The estimate (18) and existence of the solution are derived with the help of Schauder [4]
and parameter continuation methods respectively. For the applications of these methods it is
required to have the estimate of the solution of model problem in half-space z, > 0 and the
solvability of the problem (26)-(28) with constant coefficients. In Ch.4 we give the scheme
of the proof of the solvability of last one, which will be valid also for the model problem in
x, > 0, because the geometry of the domain is not influenced on the proof.

We consider Neumann problem (29)-(31) taking into account that v,
By virtue of the initial condition (30) this problem has unique solution ¢, € C‘g"‘“(QT) and
it satisfies the estimate Vi < T

024‘0 1+0’;‘r2 Q )

|o1|Ca < o Z(I%V“H%I““’ Flue oty 1 | = T ). (32)

From the identities (29), (24), (25) we obtain
Api € G277 (C); nls, Burls € G5 0%(Sp)

and
1BeilS) 4 o™ # |80 ST £ al@), 2T, (33)
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that is the functions Ay; and ¢,|s, d,¢1|s obey the Holder condition on ¢ with indexes a /2
and (14 a)/2 respectively. Application of the estimate (18) for the functions v, in (32), (33)
leads to the inequality (19).

2. For every function ¢; € C?™*(Qr) there takes place the integral representation
formulas [5]

er(@.8) = [ 0016 060 = ) - 1(€ 00Ena - ©)] deS—

_/ A(pl(f?t)gn(x - £)d§ = Il(x.* t) - 12(x~t) = I—(l,f),l? s Qr (34)
Q

‘15'1(35:[)? r) = 21'.’(‘/170! t] S S& (35)
where &,(r — £) is the fundamental solution of Laplace equation,

1 1 1 1
> — — 2,
(n—2)e, |z|~~2’ n=s &ig)= 2w nop o

|z|’

Gild)i=

&, the area of unit sphere in R", v—the outer normal to S.

It is known that if the density ¢, is continuous on x and S is the Lyapunov surface then
the direct value of the potential W(xo,t) = [ @1(€,t)0,En(x — €)deS, 29 € S exists and is
continuous on S, moreover the jump formula is valid

Wi(zo, 1) := _lim ‘*V(x}t)z%%(xo:t)-!-w(-’coat)- (36)

TENT—Ip

We direct 2 € Q to zg € S in the formula (34) taking into account (36)

1
¢1i(Zo,t) ;== lim ¢y(z,t) = '2*991(33n= t) + V(zo, ).

reQr—xp

From here and formula (35) we obtain ¢1;(z¢,t) = p1(z0, t).
We estimate the function ¢;(x,t) (34)

lp1(x,2) — p1(x, t1)| S cuvt— a2z € Q, (37)

where 7 = [¢, ],:(Ho‘)’(2 + [0vp1 ]t(HQ /P 4 [Ap:]\%?), and for the direct value of the function
v1(xo,t) (35) we have

l1(z0,t) — @1(xo, t1)| < 2e11 7 [t — 11]*/% Vo € S.
This inequality and (37) lead to the estimate
lp1(z,1) — @1(2,t1)] < 2e11 v [t — 4|2 Yz € Q.

In any compact set ' C Q the surface potentials I,(z,t) in (34) and their any derivatives
with respect to x satisfy Holder condition on t with index (1+«)/2. The derivatives 0, I5(x, t)
and 92I,(z,t) obey Holder conditions on t with indexes a/2 and (a — 3)/2 V8 € (0, ).
Thus the estimate (20) is derived.e

3. Proof of Theorem 1.
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We reduce the nonlinear problem (11)—(13) to the problems (26)—(28) and (29)-(31)
with p7 + PT and ¢” + Q7 instead of p’ and ¢’ and write it down in the operator form

KuT =hrT + Nuw?, (38)

where w = (v1,...,vy,¢); K-linear operator determined by the operators in the left-hand
parts of the equatlons and conditions of the problems (26)—(28) and (29)—(31), h = (p, F, q)-
given vector; Nw? = (PT, 0,QT), N-nonlinear operator. By virtue of the Theorem 2 we
have

w= K" (h+Nu"), [[wll < cs(llIRll + ZUP S +1@:157),

here K~'-inverse operator, the norms ||w||; and |||h|||; are determined in formula (18). We
derive the estimates

1K (BT + Nw)lle < e ll[Rllle + ez VE [l |7 (Nw = N@)||e < 13 VE|lw — @]l

Using these inequalities we apply the contractive mapping principle and obtain the unique
o 24al4af2
solvability of the problem (38) in the closed ball B, (M) := {w]|v, €C, , (O 7=

N, o1 € C7(Qr), ||w||r, £ M} with the center in zero, M = ¢ |||h]||r(1—¢)7}, g €
(0,1). Remembering the substitution (10) and estimates (14) and (9) for the vector h and the
functions 1, we find the estimate (8) for v, and ¢,. Then from the identities (21), (24), (25)

with p” + PT and ¢7 4+ Q7 instead of p” and ¢¥ we obtain Ay, € C;" QIQ(QT) ©1]s, Ovpr]s €
o 1+a,(1+a)/2
C:; (St) and estimate (8) for them. Part 2 of theorem concerning the smoothness

on t of potential ¢, and it’s derivatives is proved in the same way as in Theorem 2.e

4. Linear model problem..

We consider the problem (26)—(28) with unknown functions u = (ug,...,uy) satisfying
zero initial data
T T T
ou” — (E — mh 2Y AAT = —T%—&F(a:, B+ (BE-22) fT(a,t)inQp,  (39)
zu® = F(x,t) in Qr, (40)
mT z 1 mTz W By
( ) [E+ = GTzA™1 ] Adu” = ( ) 4" (z,t) on Sr. (41)

Here the matrix A, vectors m, G, coefﬁments k=zzm?, @ = zA7Y(E — mTz/k) GT are
constant. We assume that matrix A has positive eigenvalues Ay, ..., Ay and it may be reduced
to the diagonal form.

TEOPEMA 3. Let k #0, & # 0, a € (0,1). Then for every functions p, €

coyaf2 o 14a,(1+a)/2 o 24a,l4+a/2  _
Csz ) & €05 (St), FeC,, (Qr) the problem (39)-(41) has unique
solution u, € Co‘?:JMﬂ (Qr),r=1,...,N, and the estimate is valid
N N
> lurlg™ < ew(Do(5G) +lals™) +IFIST), t<T. (42)
r=1 r=1
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Let non-degenerate matrix ) transform the matrix A to the diagonal form
Q'AQ = A =diag(A,..., ).

The matrix m” z/k is projector with rank equaled to 1 [6]. The same properties has similar
to it matrix Q~'m”z/kQ. There exists orthogonal matrix P such that

-~

PTQ "2QP = diag(0,...,0,1) = By (P" = P7Y),

here PT—transposed matrix. We multiply both parts of the equation (39) and boundary
condition (41) by the matrixes PTQ~}(PTQ'A™'QP)~' = PTQ'AP and PTQ! respecti-
vely and denote
vI = PTQ ' AuT,y = (y1,...,yn) =2471QP,IT = PTQ1G7,
T(‘Ta t) = colon (pla e 4 3pN) == PT Q_l fT('r! t)s h’T(ajF} t) = (h'la A h’N)T =
=PTQqT(z',t), &¥ = (dy,...,dn)T = PTQ 1 AmT, (43)

then we obtain the problem with unknown functions vy, ..., vy

p

1
dyv" — PTAPEN_, AvT = =d"0,F + PTAPEN_, p" in Qr, (44)
Iy
yv? = F in Qy, (45)
1
EN—l(E + ElTyEl)aullT = EN-]hT on ST1 (46)

here Exn_; = E — E; = diag(1,...,1,0),& = 2zA™Y(F — mT2/k)GT = yEnx_,IT # 0.
N—1

Let PTAP = {brs}1<rs<n, B = {brs}i<rs<n-1, then the system of the equations (44) may

be written as follows

' r ]. !
vl —BAvT = —dT8,F +BpT in Qr, (47)
K

oy = % (dN —¥B'd T) OF +¥B 19,07 in Qp. (48)

The matrix PT A P is symmetric and positive definite, then B is also symmetric and positive
definite matrix and the system (47) is parabolic. In (46) the matrix 1/@Ex_;{Ty is projector
of rank equaled to 1. Let M = {m,s}1<rs<n be the orthogonal matrix (not unique) such
that
MT1/2Eyn_ 1Ty M = diag(0,...,0,1) = E; and detM; = det{m,,}1<rs<n—1

N-1
# 0, then boundary conditions (46) may be written in the form

My, MT3,'T = K — é I'T3,F on Rr. (49)
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We have obtained parabolic boundary value problem (47), (49) which has unique solution
o 2+, 14+a/2
v'. Integrating the equation (48) with respect to ¢ we find vy. Thus we have v, €C,

(Qr), r=1,...,N, and

N-1

Z [or 25 < a5 (S (pr I + [Re S + IFIET).

r=1

Remembering notations (43) we obtain estimate (42) and Theorem 3.e
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